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ATSUSHI ITO 

Abstract. Okounkov bodies, which are closed convex sets de- 
fined for big hne bundles, have rich information of the line bun- 
dles. On the other hand, Seshadri constants are invariants which 
measure the positivity of line bundles. In this paper, we prove that 
Okounkov bodies give lower bounds of Seshadri constants. We also 
investigate Seshadri constants in toric cases. 
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1. Introduction 

In [LMj . Lazarsfeld and Mustata defined the Okounkov body A(L) 
for a big line bundle L (or more generally, for a graded linear series). 
Since A(L) captures much of the asymptotic behaviors of the linear 
series \kL\ for k — )■ -f oo, A(L) is useful for studying the geometry of L, 
like the volume of L. Hence, it is natural to consider which invariant of 
L is encoded in the Okounkov body A(L). The purpose of this paper is 
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to show that Okounkov bodies give lower bounds of Seshadri constants, 
which are invariants measuring positivity of hne bundles. 

Let W, = {Wk}k be a graded linear series associated to a line bundle 
L on an n- dimensional variety X over the complex number field C. Fix 
a local coordinate system z = {zi, . . . , Zn) on X at a smooth point and a 
monomial order > on N". If W, is birational (see Definition 13 . 3 1 for the 
definition of "birational"), we can construct an n-dimensional closed 
convex set A{W,) = Az^y{W,) in M", which is called the Okounkov 
body of W, with respect to z and >. Okounkov bodies were introduced 
and studied by Lazarsfeld and Mustafa [LMj and independently by 
Kaveh and Khovanskii |KK] . based on the work of Okounkov |Okl] . 
|0k2] . The Okounkov body A(Vr,) seems to have rich information of 
W,. For example the volume of W, is n\ times the Euclidean volume 

of A(iy.)- 

On the other hand, Demailly |De] defined an interesting invariant, 
Seshadri constant, which measures the local positivity of a nef line 
bundle at a point (or more generally, along a closed subscheme) on 
a projective variety. Seshadri constants relate to jet separations of 
adjoint bundles, Ross-Thomas' slope stabilities of polarized varieties 
|RT] . Gromov width (an invariant in symplectic geometry) |MP] . and so 
on. Since Seshadri constants have a lower semicontinuity, the Seshadri 
constant of a nef line bundle is constant for the very general choice 
of the point. Thus we can consider that Seshadri constants at very 
general points measure the global positivity of line bundles somehow. 
Nakamaye |Naj defined Seshadri constants at very general points for 
big line bundles. For a detailed treatment of Seshadri constants, we 
refer the reader to |La[ Chapter 5] or |BDH+ . 

In this paper, we extend the notion of Seshadri constants slightly. Let 
W, be a birational graded linear series associated to a line bundle L on a 
variety X , r e Z+ = {x e Z \ x > 0}, and m e = {x e R \ x > Oy. 
We can define an invariant e{X, W,; rn) G M+ U {+oo}, which is called 
the Seshadri constant of W, at very general points with weight fn. 

Meanwhile, for any n-dimensional convex set A C M", we can define 
a birational monomial graded linear series Wa,» associated to (9(cx)n on 
(C^)'^. Thus we can define s(A;m) := ^((C^f , W^a,.; M) for m e R\. 
The main theorem of this paper states that Okounkov bodies give lower 
bounds of Seshadri constants: 

Theorem 1.1 (=Theorem 15.71) . Let W, he a birational graded linear 
series associated to a line bundle L on an n-dimensional variety X. 
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Fix a local coordinate system z = {zi, . . . , Zn) on X at a smooth point 
and a monomial order > on N". 

Then €iW.;m) > s(A,,>(iy.); ^)(= ^^((C><)^ W^a,>(w'.),.; ^)) holds 
for any r G Z+ and m G M'j_ . 

This theorem says that the Seshadri constant of a graded hnear series 
W, is greater than or equal to that of the monomial graded linear series 
^A{w.),» defined by the Okounkov body. 

In view of Theorem ll.il it is natural to investigate s(A; m). It is very 
difficult to compute s(A; m) in general, but when r = 1 and m = 1 (in 
this case we write s(A) for short), we have the following theorem: 

Theorem 1.2 (cf. Corollarys 16. 3 [ [675]) . For an n- dimensional bounded 
convex set A C ]R>q = {x G M | a; > 0}", it holds that 

max{m G N | rank AkA,m = } 

S[A) = sup ^^_fi__!_ 

maxim G N I rank Au/. „ = | 
= lim i ^ \__rU± 

fcez+ k 

where Aj^^^rn is a matrix which depends on m,n & N and kA. 

As a special case, for an integral polytope P C M>q of dimension n, 

maxim G N I rankAfcp^ = | 
£(Xp,Lp;l) = sup i ^ 

max{m G N | rankA^p,^ = ('"+")} 

k&+ k 

holds, where {Xp,Lp) is the polarized toric variety defined by P. 

Since s(A) (or s{P)) does not change under parallel translations, the 
assumption that A C M>o (or P C ffi>o) is not essential. An important 
point is that max{m G N | rank AkA,m = (™.^") } can be computed if we 
know the lattice points in kA. Therefore this theorem states that s(A) 
or the Seshadri constant e{Xp,Lp; 1) is the supremum (or the limit) 
of computable values. Thus we can obtain explicit lower bounds. 

When m > 1, we state three methods to obtain lower bounds of 
s(A;m), though it is not enough for good estimations. 

This paper is organized as follows: In Section 2, we prepare some 
notations and conventions. In Section 3, we define Seshadri constants 
for graded linear series. In Section 4, we introduce invariants for convex 
sets by using Seshadri constants. In Section 5, we give the proof of The- 
orem 11.11 In Section 6, we investigate the computations of invariants 
defined in Section 4. 
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2. Notations and conventions 

We denote by N, Z, Q, M, and C the set of all natural numbers, in- 
tegers, rational numbers, real numbers, and complex numbers respec- 
tively. In this paper, N contains 0. Set Z_|_ = N \ 0, M_|_ = {a; G M | a; > 
0}, and M>o = {x G M | a; > 0}. For a real number t e R, the round up 
of t is denoted by \t \ G Z. 

For a subset S C M", we denote by S(S') the closed convex cone 
spanned by S. For t G ]R>o, we set tS = {tu \ u G S}. For another 
subset S' C M", S + S' = {u + u' \ u E S,u' E S'} means the Minkowski 
sum of S and S'. For u' E W, S + u' ^ {u + u' \ u E S} is the parallel 
translation of S by u'. 

For a convex set A C M", we denote by vol(A) the Euclidean volume 
of A in M". The dimension of A is the dimension of the affine space 
spanned by A. 

A subset P C is called a polytope if it is the convex hull of a finite 
set in R"^. A polytope P is integral (resp. rational) if all its vertices 

are contained in Z" (resp. Q"). 

For a subset 5* in a topological space, we denote by S° the interior 
of S. 

For a variety X, we say a property holds at a general point of X if it 
holds for all points in the complement of a proper algebraic subset. A 
property holds at a very general point of X if it holds for all points in 
the complement of the union of countably many proper subvarieties. 

Throughout this paper, a divisor means a Cartier divisor. Thus we 
use the words "divisor", "line bundle", and "invertible sheaf" inter- 
changeably. We sometimes denote L®^ by kL for a line bundle L and 
an integer k. For divisors D and D', the inequality D > D' means 
D — D' is effective. 
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3. Seshadri constants of graded linear series 

Throughout this paper, we consider varieties or schemes over the 
complex number field C. 

In this section, we define Seshadri constants for graded linear series. 

Definition 3.1. Let L be a line bundle on a (not necessarily projective) 
variety X and W a subspace of H^{X,L). For r G Z+ and m = 
(mi, . . . , rrir) G Z^, we say that W separates m-jets at smooth r points 
Pi, . . . ,Pr in X if the natural map 

r r 

W ^ L/{L ® (g) nQ^') = L/xn^^^-^'L 

i=l i=l 

is surjective, where we regard m™'"''"'^ = Ox for nii < —1. We say W 
generically separates m-jets if W separates m-jets at general r points 
in X. Note that any W generically separates m-jets if m^ < —1 for any 
i. 

We define j{W;m) e R U {+00} for W C H^{X,L) and m = 
(mi, . . . , rrir) G to be 

j{W; m) = sup{ t G M I generically separates [tm]-jets}, 

where [tm] = ([tmi], . . . , [tmr]). We denote it by j{W) when r = 1 
and m = 1 G IR+. Note that 

j{W;rn) = max{ t G M | generically separates [tm]-jets} G M 

when dim W < +00. 

When W = H^{X, L), we denote j(W,m) by j{L; m). 

Remark 3.2. Note that W generically separates m-jets if W separates 
m-jets at some smooth r points pi, . . . ,pr iia X . We use this in Sections 
Eland El 

Suppose that X is a variety of dimension n and L is a line bundle on 
X. Let W, = {Wk}keN be a graded linear series associated to L, i.e., 
Wk is a subspace of H^{X, kL) for any k > with Wq = C, such that 
©fc>o is a graded subalgebra of the section ring ^j^^qH^{X, kL). 
When all Wk are finite dimensional, W, is called of finite dimensional 
type. 

Definition 3.3. A graded linear series W, on a variety X is birational 
if the function field K{X) of X is generated by {f/g G K{X) | /, (7 G 
Wk,g 7^ 0} over C for any /c 3> 0. When W, is of finite dimensional 
type, this is clearly equivalent to the condition that the rational map 
defined by \Wk\ is birational onto its image for any 3> 0, which is 
Condition (B) in [LMl Definition 2.5]. 
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Now we define Seshadri constants for graded linear series: 

Definition 3.4. Let W, be a birational graded linear series associated 
to a line bundle L on a variety X. 

For m = (mi, . . . , rrir) G M^, we define the Seshadri constant of W, 
at very general points with weight m to be 

e{X, W,; m) = e{W,; m) := sup "^^^f G M+ U {+00}. 

k>0 k 

Note that i{Wk] m) > holds for A; > by the birationality of W,. 

When Wk = H^{X,kL) for any k, we denote it by e{X,L;fn) or 
e{L; m) for short. 

Remark 3.5. The definition of Seshadri constants by jet separations is 
due to Theorem 6.4 in [Dej. See also {La] or |BDH+] . We treat the 
definition by blowing ups in Lemmas 13.111 and 13.121 later. 

Remark 3.6. If subspaces W and W in H^{X,L) satisfy the inclu- 
sion W C W, then j{W;rn) < j{W';m) holds by definition. Thus 
e{W,; m) < e(Wi; m) holds for W,, W, associated to L if H^^. C for 
any k (we write W, C WJ for such W,, W,). 

If L "-^ L' is an injection between line bundles on X and is a 
subspace of H^{X, L), then j{W; m) does not change if we regard W as 
a subspace of H^{X, L') because we consider jets separations at general 
points. So e{W,;m) also dose not change for W, which associated to 
L if we consider that W, is associated to L' . 

Let TT : X' — X be a birational morphism and W, a graded lin- 
ear series associated to L on X. Then we can consider that W, is a 
graded linear series on X' associated to tt*L by the natural inclusion 
H°{X,kL) C H°{X',kTr*L) for any k e N. By the similar reason as 
above, e{X, W,; m) = e{X', W,;m) holds. 

By the following lemma, we may assume that W, is of finite dimen- 
sional type in many cases when we prove properties of e{X, W,;fn): 

Lemma 3.7. Let W, he a birational graded linear series. Suppose that 
Wi^, C 1^2,. C ■ ■ ■ C Wi , C ■ ■ • C W, is an increasing sequence of 
birational graded linear series in W, such that Wk = U/^i ^i,k holds 
for all k. Then e{W,]m) = sup; e(VF/,,; m) = \imie{Wiy,rn) holds. 

Proof. The existence of \imie{Wiy,fn) is clear because e{Wiy,m) is 
monotonically increasing. The inequality e{W,; m) > sup; e{Wiy, m) > 
lim^ e(l^/ m) is also clear. Thus it is enough to show e(W,;m) < 
\imie{Wiy,m). 
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Fix k and a real number t < j{Wk;m). By definition, generi- 
cally separates [tm]-jets. Hence Wi^k also generically separates [tm]- 
jets for Z ^ by the assumption Wk = IJ; ^i,k- Thus it holds that 
j{Wk',m)/k = limj{Wi^k',^)/k < limie{Wiy,Tn). By definition of 
e{W,; m), we have e{W,; m) < lim/ e{Wiy, m). □ 

In Definition I3.4[ e{W,;m) is defined by the supremum, but in fact 
it is the limit: 

j ( • Yn) 

Lemma 3.8. In Definition \3.4\ e(W,;m) = lim holds. 

Proof. By Remark 13.71 we may assume that W, is of finite dimensional 
type. 

At first we show the following claim: 

Claim 3.9. Let W, he a hirational graded linear series of finite di- 
mensional type associated to a line bundle L on a variety X. Then 
j{Wki;rn) > I ■ j(Wk;m) holds for any positive integer k,l > 0. 

Proof of Claim ISTU For simplicity, we set jk' = j{Wk'',m) in the proof 
of Claim l3T9l We prove this claim when r = 1. When r > 1, the proof 
is essentially same. So we leave the details to the reader. 

We write m G M4. instead of m. Choose very general point p & X 
and set 

Wk',i = Wk' n H\X, L®^' ® m;) C H\X, L®^') 
for A;', i > 0. For any j G N, it is easy to show that, 

is surjective if and only if 

is surjective for each i G {0, 1, . . . , j}. Fix i G {0, 1, 2, ... , l\ikrn\ }. 
Then there exist integers < ii, . . . , -i/ < [jfc'Ti] such that i = ii + . . . + 
ii. Consider the following diagram: 



In the above diagram, a is surjective because ii, . . . ,ii < \jk^~\, and (3 
is clearly surjective. Hence the map 



8 ATSUSHI ITO 

is also surjective for any i G {0, 1, 2, . . . , / [jfcm] }. Thus Wki generically 
separates /[j^m] -jets, which means jki > l\jk^]/m > I ■ jk- D 

Now we return to the proof of the lemma. We only prove the case 
£{W,;m) < +00. When e{W,;m) = +oo, the proof is similar. 
By definition, it is sufficient to show 

. j{Wk;m) 3{Wk;m) 
iim mt ; > sup 



k - k 

Fix 5 > and choose ko such that "^^^f"'^^ > e{W,;m) - 6. Let 

ko 

be a sufficiently large integer and choose a general SN+i G Wn+i for 
each i = 0, 1, . . . , fco — 1. 

Fix k > N. Then k is written a.s k = kol + N + i for some natural 
numbers / G N and < i < k^ — 1. Then there is the injection 

Wkol ^ Wk, S S ■ SN+i, 

induced by the multiplication in ® VTj. Therefore it holds that 

j{Wk;m) >j{Wkoi;m) > I ■ j{Wko;m) 
by Remark 13.61 and Claim I3l9l Since / — > +oo if A; — )■ +oo, 

hm inf ffi^ > hm inf Ll^^^^ > > eiW.^rn) - 5. 

k k ~ I kol + N + i ~ ko ^ ' ^ 

By 5 — 7- 0, we finish the proof of Lemma [3. 8[ □ 

Many properties of Seshadri constants of ample line bundles also 
hold for graded linear series. We use the foUowings later: 

Lemma 3.10. Letrn be in and W, (resp.W',) a hirational graded 
linear series associated to a line bundles L (resp. L') on a variety X . 
Then the foUowings hold: 

(1) e{wP;rn) = I ■ e{W,]m) holds for any positive integer I G Z+, 
where wP is the graded linear series associated to L®' defined 
by iyf_ = Wki. _ 

(2) 6{W,;tm) = t~^e{W,;fn) holds for any positive real number 
t > 0. 

(3) £{W, ]m) > e(W,; m) -|-£(W,; m) holds, where W, is the graded 
linear series associated to L®L' defined by Wj. := the image of 
Wk(^Wl-^ H\X,L<^L'). 

(4) e{W,\m) < ^Yo\{W,)/\m\n holds, whereYoXiW,) = lim^ ^ 

k'^/nl 

\'^\n = ^\=i^^ ! o^'iT'd n is the dimension of X . 
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Proof. By Lemma [3.81 we have 

k k 
= lim^'(^-'^) 



k k 

j{WM;m) 



I ■ lim ' 



k kl 

= l-hm ; = I ■ e{W,;m). 

k k 

Hence (1) is shown. 

We can show (2) easily from the definition and the following: 

j{Wk; tm) = sup{ s G M I generically separates [stm]-jets } 

= sup{ s G M I Wk generically separates [sm]-jets } 
= t-^j{Wk;m). 

To prove (3), it is sufficient to show that j{W'i^;m) > j(M4;m) + 
j{Wi^;rn) holds for any k. We can show this by the argument similar 
to the proof of Claim 13.91 We leave the details to the reader. 

To show (4), we fix a positive number < t < e{W,] m). By Lemma 
13. 8[ the equality j(Wk]rn) > kt holds for any 3> 0. Thus separates 
[/ctm]-jets for any A; 0, i.e., the map 

i 

is surjective for very general pi,...,pr. This surjection induces the 
following inequality: 



diml^fc > dim0L(g)C/mJ^^ 



[ktrriil +1 



Thus we have vol{W,) > by k — )■ +oo. We finish the prove by 

t ^ e{W,;m). □ 

Note that Definition 13.41 is a natural generalization of the well known 
definition of the Seshadri constant (at very general points) for a nef and 
big line bundle, i.e.. 
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Lemma 3.11. Let X be a projective variety, L a nef and big line bundle 
on X , and m = (mi, . . . , m^) G ]R!j_. Then it holds that 

r 

e{X, L; fn) = max{ t > | fi*L — t rriiEi is nef }, 

i=l 

where fi : X ^ X is the blowing up along very general r points in X 
and Ei are the exceptional divisors. 

Proof. The proof is essentially same as that of |Lat Theorem 5.1.17]. 
At first, we show e{X, L; fn) < max{ t > | fi*L — t ^[^^ rriiEi is nef }, 
i.e., /i*L — e{X,L;m) X]i=i -^i^ ^ curve C G X and let 

C C X be the strict transform of C. It is enough to show {fi*L — 
e{X, L;m)Y^l^-^^ rriiEi). C > 0. For each k, the line bundle L®*^ sepa- 
rates [j^ml-jets at very general points pi, . . . ,Pr, where := j{kL; m). 
Hence there exists a nonzero effective divisor D G \L®^ nxp'^''™''^ | such 
that D does not contain C. Thus we have 

li*L.C = L.C 

= k-^D.C 

> k~^ multp^ (D) ■ multp^ (C) 

i 

> k"^ ^ \3kmi^ multp^ (C) 

i 

> k^^ ^ jkrrii multp^ (C) 

i 

= k'^ik^miEi.C, 

i 

where multp^ is the multiplicity at pi. By k — )■ +00, it follows that 
> L; m) Y.\^^ nuEi.C. 
We show the opposite inequality. At first, we assume L is ample. 
Let pi, . . . ,pr be very general r points in X. Fix a rational number 
< t = a/b < max{t > | — t ^^^^^niiEi is nef} with positive 
integers a, 6. Then — a^^^^niiEi is an ample M-line bundle on 
X. Multiplying a and 6 by a sufficiently large positive integer, we 
may assume that b^*L — X]i=i [c^'^il-^j is an ample line bundle on X. 
By Fujita's vanishing theorem (see |Lat Theorem 1.4.35] for instance), 
there is a natural number such that 

r 

H^{X ,l{b^i* L -Y\ami'\Ei) + P) = 

i=l 
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for every / > and every nef line bundle P. For any integer k > Nb, 
write k = lb + b' with < 6' < 6. We can apply the above vanishing 
for P = b'^*L, so we have 



H\X,kfi*L-l ^\ami]Ei) = 0. 



i=l 

Since H\X,kij*L - I ELJa^il^i) = H\X,kL ® (g)^ mp^"™"^), the 
line bundle kL separates {l\ami \ — 1, ... , /[am^] — l)-jets at pi, . . . 
Hence 

j(kL;fn) Zfamj] —1 /famj] —1 
; > mm ; = mm — — . 

k i krrii i [lb + b'jrrii 

By /c — )• +00, we have 

/ \ami] — 1 

e(L; m) > lim mm — = a/b = t. 

k i [lb + b'jnii 

By t — 7- max{ t > | fi*L — t Yll=i ^i^i is nef }, it holds that e{L; m) > 
max{ t > I fi*L — t X]I=i ^i^i is nef }. 

Next we show the nef and big case. Since L is nef and big, there exists 
an effective divisor ii^ on X such that L — sE is ample for any < s ^ 1. 
Fix a rational number < s ^ 1 and take a sufficiently divisible integer 
/ G Z+ such that Is G Z. Then e{l{L — sE);m) < e{lL; m) = I ■ e{L; m) 
holds by Remark 13.61 and Lemma [3.101 (1). Since 1{L — sE) is ample, 
we have 

r 

e{l{L - sE);m) = max{ t > | - s^)) - t ^ m^^i is nef } 

1=1 

r 

= I ■ max{ t > \ fi*{L — sE) — t rriiEi is nef }. 

1=1 

Hence e{L; m) > max{ t > | n*{L — sE) — t Yll=i ^i^i is nef } holds. 
By s — )■ 0, we have e(L; m) > max{ t > | — t Ym=i ^i^i is nef }. 
Thus we finish the proof. □ 

Note that W, = {H^{X, kL)}k is birational if and only if L is big 
for a projective variety X. For a nef but not big line bundle L on X, 
we define e{X, L;fn) := max{ t > | fi*L — t J2l=i ^i^i is nef } = 
according to nef and big cases. 

For projective varieties, we can write Seshadri constants of graded 
linear series by using that of nef line bundles as follows: 

Lemma 3.12. Let W, be a birational graded linear series associated to 
a line bundle L on a projective variety X . For each k > 0, set 
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where Hk '■ Xk X is a resolution of the base ideal 

bfe := the image of Wk ® L~'' — > Ox 
and Ox^i-Fk) := l^k^bk- Set Mk = zfWk = 0. Then it holds that 

6[X, W,] m) = sup = lim . 

Proof. Note that Mfc is nef for any A;. At first we show that lim/j — ^ 



k 

exists and the second equahty in the above statement holds. To prove 
this, it suffices to show that 

g(Xfco,Mfco;m) ^ s{Xk,Mk;m) 
ko ~ k 

holds for any k^ > 0. We may assume that M^^ is big. 

Fix a sufficiently large integer A^. For each k > N, we can write 
k = kol + N + i for some / G N and < i < ko — l. Since e{Xk', Mk';m) 
does not depend on the resolution fi^' by Remark 13.61 or Lemma \'S.11\ 
we may take a common resolution of b^^, b^, and b7v+j- Then it is easy 
to see Mk > IMk^ + M^+i, in particular Mfc > IMk^ holds because 
M^+i is effective. By Remark 13.61 and Lemma [3. 101 (f ) or Lemma [3. IH 
it holds that 

e{Mk]m) > e{lMk,]m) = I ■ e{Mk,-m). 

The inequality — — — — — ^ < lim inf — — ^' ^' — ^ follows from this 

fco k 

immediately. 

Next we show the first equality. Since C |Mfc|, it holds that 

jiyVk^rfi) < j{Mk',rri) < e{Mk;rri) for any k. Thus we have 

e(X, W,] m) = lim < lim . 

k k 

To show the opposite inequality, we use Lemma 13.111 Since W, is 
birational, the morphism (fk : Xk — ?■ defined by /ifc|W^A:| is 

birational onto its image for k ^ 0. Denote the image of ipk by Yfc. 
By Lemma 13.111 e{Xk, Mk]rn) = e{Yk,OY,.{l)',m) holds because (pk is 
birational. Furthermore Wl = Oy^(/)) for / ^ 0, where Wl is 

the image of -)■ Wki- This implies that j{OY,,il);m) = jiWl] m) < 
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jiWki] m) for / ^ 0. Thus we have 



k k 



k I I 

< hm — = e{W,;m). 

kl 



□ 



4. Monomial graded linear series on (C^)" 
Let n be a positive integer. For a subset S* C M", we define 
Vs := Cx" C Cx" = /7°((C^)", O(cx)n). 

For a convex set A in M", we define a graded hnear series VFa,. 
associated to C(cx)" by 

It is easy to see that W^a,« is birational if and only if dim A = n. We 
investigate the Seshadri constant of PFa,» in this section. 

Definition 4.1. For a subset S* C M" and m G R'j^, we define s{S;fn) 
to be 

5(5-; m) = j{Vs; m) G M U {+oo}. 
For a convex set A C M", we define s(A; m) in ]R>o U {+C)o} to be 

s(A-m) = I ^(^^.•'^) if diniA = n 
^ ' 1 otherwise. 

When r = 1 and m = 1, we denote them by 5(5*) and s(A) instead. 

Remark 4.2. For any A and m, it holds that 

,. , s(kA;fn) s(kA;m) 

s(A; ml = sup = lim . 

k k k k 

When dim A = n, this follows from Lemma 13.81 

When dim A < n, V^a does not generically separate 1-jets, which we 
will show later (see Proposition 16. ip . Thus it holds that s{kA;rn) = 
j{VkA',^) < 0. Moreover V^a generically separates (—1, . . . , — l)-jets, 

r 

hence s{kA;fn) = j{Vk/\;m) > — maxj{l/mj}. Therefore we have 
supfc s{kA] m)/k = lim^ s{kA; m)/k = = s(A; m). 
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Remark 4.3. The following properties are easily shown from the defi- 
nitions of s{S;fn) and s(A;m): 

(1) s(Si;m) < s(5'2;m),s(Ai;m) < s(A2;m) for 5"! C S2 and Ai C 
A2. 

(2) S{S + u;m) = S{S; m) for u e Z". 

(3) s{tA]m) = t ■ s(A;m),s(A + u]rn) = s(A;m) for any t > e Q 
and u e Q". 

Proof. (1) is clear. (2) is immediately shown by the following diagram: 

Vs^ ^C[xf\...,xi 



,±11 

n J 



To show (3), choose sufficiently divisible I e Z+ such that It E 7^ and 
lueU". Then 

s(tA;m) = hm^ — — ^ 

k k 

s{kltA;m) 



lim 

k 

t lim 

k 



kl 

s{kltA;m) 
kft 



= t ■ s(A; m) 



and by (2), 



s(A + u; m) 



= lim 

k 

— lim 

k 

— lim 

k 

— lim 

k 



s{k{A + u);m) 
k 

s{kl{A + u);m) 
ki 

s{klA + klu; m) 
kl 

s{klA\ m) 



kl 



— s(A; m). 



□ 



Following lemmas are properties of s(A;m) which are used later. 

Lemma 4.4. Let A he a convex set in W^. Then s(A;m) = s(A°;m). 

Proof. If dim A < n, then s(A;m) = s(A°;m) = by definition. 

So we may assume dim A = n and it is enough to show s(A;m) < 
s(A°;m). Fix w e A° n Q". By the convexity of A, there exists the 
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inclusion A — u G t{A° — m) for t > 1. Thus 

s(A; m) = s(A — u; m) < s{t{A° — u);m) = t ■ s{A°; m) 

holds for t > 1 in Q by Remark 14.31 (3). By t — )■ 1, we are done. □ 

Now we can show that the property (3) in Remark 14.31 holds for any 
t G M+ and M e M": 

Lemma 4.5. Let A C M" he a convex set, u G M", and t G M+. Then 
s{A + u] m) = s{A; m), s{tA] m) = t ■ s(A; m). 

Proof. These are all if dim A < n, so we may assume dim A = n. 

Fixw' G A°nQ". Asintheproof of Lemma lil A-u' C {l+t'){A°- 
u') holds for t' > 0. Translating it by m + u', we have A + -u C (1 + 
t'){A°-u')+u+u'. Choose u" G Q" such that {u+u')-u" G t'{A°-u'), 
then A + M C (1 + 2t'){A° - u') + u" . Hence for t' > in Q, 

s(A + M;m) < + 2t')(A° - u')+u"]m) = (1 + 2t')s{A]m) 

holds by Remark 14.31 (3) and Lemma l474l Thus s(A + u; m) < s(A; m) 
follows by t' — )■ 0. Since the opposite inequality s(A + u\ m) > s{A; m) 
also holds similarly, we can show that s{A + u;m) = s(A;m). 

For ti,t2 G Q such that < ti < t < ^2, there exists inclusions 
ti{A - u') C t(A - u') C t2(A - u'). Thus we have 

s(ti(A - u')]m) < s{t{A - u');m) < s{t2{A - u);m). 

By Remark 14.31 (3) and the first equality of this lemma, which we have 
already proved, s(t{A — u');fn) = s(tA;fn) and s(tj(A — u');rn) = 
ti ■ s(A; m) for 2 = 1, 2. Substituting these inequalities, it holds that 

ti ■ s{A;m) < s{tA]m) < t2 ■ s(A;m). 

By ti,t2 —7- t, we have s(tA;m) = t- s{A;m). □ 

Lemma 4.6. Let Ai C A2 C ■ ■ ■ C Aj C ■ ■ ■ be an increasing se- 
quence of convex sets in M" and set A = IJ^-,^ Aj. Then s{A;m) = 
supj s(Aj; m) = limj s{Af, m) for any m G M^. 

Proof. This lemma follows from Lemma 13.71 immediately. □ 

Lemma 4.7. Let A, A' he convex sets in M". Then the following hold: 

s(A; m) + s(A'; m) < s(A + A'; m), s(A) < ^/n! vol(A)/|m|„. 

Proof. This lemma follows from V^a ■ V^a' C Vfc(A+A')5 vol(iyA,«) = 
n!vol(A), and Lemma[3l0](3), (4). ' □ 
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5. Okounkov bodies and Seshadri constants 

In this section, we show Theorem 11.11 which states that the Ok- 
ounkov bodies give lower bounds of Seshadri constants. 

5.1. Definition of Okounkov bodies. For a subsemigroup F in N x 
N" and keN, set 

A(F) = S(F) n ({1} X M"), 

Ffc = Fn({A;}xN"). 

Recall that S(F) is the closed convex cone in M x M" spanned by F. 
We consider A(F) and F^ as subsets in R"" and N" respectively in a 
natural way. 

Definition 5.1. We say a semigroup F in N x N" is birational if 

i) Fo = {0} G N", 

ii) F generates Z x Z" as a group. 

These conditions are (2.3) and (2,5) in [LM] respectively. Note that 
F is birational if and only if so is the graded linear series W^(F), = 
{W{T)k}k ■■= {Vrjk on (C^)" associated to 0(cx)n. 

Fix a monomial order > on N", i.e., > is a total order on N" such 
that (i) for every mGN"\0,u>0 holds, and (ii) if f > m and G N", 
then w + V > w + u. In this paper, v > u does not contain the case 
V = u. Let X be a variety of dimension n and z = [zi, . . . ,Zn) a 
local coordinate system at a smooth point p E X. (In |LMj . they use 
"admissible flags" instead of local coordinate systems, but essentially 
there is no difference if > is the lexicographic order. Local coordinate 
systems are used in |BCj for instance.) Then we obtain a valuation 

= ^z,> ■■ Ox,p \ {0} ^ N" 
as follows: for / G Ox,p \ {0}, we expand it as a formal power series 

ueN" 

and set 

z/(/) = min{M I Cu 7^ 0}, 

where the minimum is taken with respect to the monomial order >. 

Let W, be a birational graded linear series associated to a line bundle 
L on X. Then one can define the Okounkov body of W, as follows: 

Fix an isomorphism Lp = Ox,p- Then this isomorphism naturally 
induces L^^ = Ox,p for any A; > and we have the following map 

Wk \ {0} ^ Lf \ {0} ^ Ox,p \ {0} A N^ 
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We write h'iWk) C N" for the image of Wk \ {0} by this map. Note that 
^{Wk) does not depend on the choice of the isomorphism Lp = Ox,p 
because u maps any unit element in Ox.p to G N*^. Then 

Tw. = rw.,z,> := |J{^} X '^(^fe) C N X 

fcGN 

is a semigroup by construction. We define the Okounkov body of W, 
with respect to z and > by 

A(w^.) = A.,>(iy.) ■.= A{rw.). 

Thus A(W,) is an n-dimensional closed convex set in because r^y. 
is birational as we will prove in Lemma [5.21 later. In general, A(py,) is 
not bounded, in particular is not a convex body (= an n-dimensional 
compact convex set in M"), even if W, is of finite dimensional type. 
But we call it Okounkov body according to custom. 

In [LM\ Lemma 2.12], they assume that W, satisfies "condition (C)", 
which seems to be a little stronger condition than being birational(= 
Condition (B) in |LM] ). to show that Tw,.z.> generates Z x Z*^ as a 
group for any z. But we can show that it is enough to assume that W, 
is birational: 

Lemma 5.2. Let W, be a birational graded linear series associated to 
a line bundle L on a variety X . Then Tw.,z,> is birational for any local 
coordinate system z at any smooth point p E X and any monomial 
order > . 

Proof. The condition i) in Definition 15.11 is clearly satisfied. So it is 
enough to show that Tw. generates Z x Z" as a group. Suppose that 
z is a local coordinate system and > is a monomial order. Fix k ^ 0. 
Then the function field K{X) is generated by {f/g G K{X) \ f,g E 
W^fe) fl' 7^ 0} over C because W, is birational. Hence any F G K{X)\{0} 
is written as F = G/H, where G,H are written as some polynomials 
over C of some elements in {f /g G K{X) | /, G Wk, g ^ 0}. Therefore 
we can write as F = G'/H' for some G',H' G Wm for some / G Z+. 
Thusz/(F) = v{G')-v{H') G y{Wki)-y{Wki) C Z". Since the valuation 
V : K{X) \ {0} — )■ Z" is surjective (note that u is naturally extended 
to K{X) \ {0}), the group Z" is generated by {u{Wki) - u{Wki)}i<,N- 
Thus the subgroup {0} x Z" in Z x Z" is generated by {0} x {uiWhi) - 
lyiWki^iCTw.-Tw.. 

On the other hand, Sk G Wk \ {0} and s^+i G Wk+i \ {0} induce the 
element (1, z/(sfc+i) — z^(sfc)) G Fvk. — ^w. C Z x Z". Since the group 
Z X Z" is generated by {0} x Z" and (1, z/(sfc+i) — ^{sk)), the semigroup 
FvK. generates Z x Z" as a group. □ 
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5.2. Proof of Theorem II. IL At first, we state the idea of the proof. 
Let X be a projective variety and L a line bundle on X. Suppose 
that V C H^{X, L) is a subspace and set W, = {Wk} hy = C 
H^{X,kL). Anderson [An] proved that (Proj 0^ y'', C(l)) degener- 
ates to the toric variety (Proj Cfr^y.], C(l)) if Fw. is finitely generated 
as a semigroup. From this result and the lower semicontinuities of Se- 
shadri constants, Theorem 1 1.1 1 for W, = {V''}k is easily shown if Tw. is 
finitely generated. But it seems that Tw. is seldom finitely generated, 
even if W, = {H^{X, kL)}^ for a very ample L on X (cf. |LMl Lemma 
1.7]). 

Thus we modify the above idea. Instead of the degeneration of the 
variety or the section ring 0^ Wk, we degenerate Wk for each k sever- 
ally. This is one of the main reason why we define Seshadri constants 
by using jet separations, instead of the usual definition by blowing ups 
as Lemmas 13.111 and 13.121 

Lemma 5.3. Let F C N x N" be a hirational semigroup. Then 
s(A(i ); m) = sup ; = lim 



k k 

holds for any m G Wj^. In other words, s{W/^(Y)y^m) = e{W{T),]fn) 
holds. 

Proof. By definition, it holds that 
e{W^(r),„ m) = s(A(F); m) = sup ^ = ^ 



and 



£{W[T),; m) = sup ; = lim ■ 



k k 

Furthermore, F^ is contained in /cA(F) for any k. Thus £{WA{r)y, ^) > 
e{W(T),]fn) is clear. Hence it is enough to show 

When F is finitely generated, there exists = (/, m) G F C N x 
such that (S(F)+M)n(Nx N'^) C F by [Khl §3, Proposition 3] (see also 
[LMl Subsection 2.1]). This gives the inclusion (A;A(F)nN'')+u C Tk+i, 
so s(A;A(F);m) = 5((A;A(F) nN") +u; m) < s(Ffc+z;m) holds. Thus we 
have 

lim^illiM = lim.^'^^^+'''"^ 



s{kA{T);m) 



> lim 



k k 
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In general case, we take an increasing sequence r^cF^C-'-cF 
such that each F* is a finitely generated birational subsemigroup of F 
and [ji>i'^i = r. Then it is easy to show [j.A{ry = A(F)°. By 
Lemmas 14.41 and 14.61 we have 

s(A(F);m) = s(A(F)°;m) = lim s(A(F')°; m) = lim s(A(F^); m). 

Since each F* is finitely generated, we can apply this lemma. Lemma 
15.31 to F*. So we have 

.(A(P);m) = lim!SM<n,,!(l4M. 

k k k k 

Thus s(A(F); m) = lim s(A(F^); m) < lim^ — - holds. □ 

k 

Broadly speaking, the geometrical meaning of Lemma 13751 is that Se- 
shadri constants of ample line bundles (on non-normal toric varieties) 
at very general points does not change by normalizations. In fact, 
when F is finitely generated, (Proj 0;- W^A(r),fc, C(l)) = (Proj C[S(F) n 
(N X Z")], 0{1)) is nothing but the normalization of the toric variety 
(Proj 0, W{T),, 0{l)) = (Proj C[F], 0(1)). 

To prove Proposition 15. 6^ which is the key of the proof of Theorem 
II. 1^ we need one more lemma about monomial orders. 

Lemma 5.4. Let > be a monomial order on and S a finite set in 
N". Then there exists a vector a G satisfying the following: 

If V > u for u & S and v G N", then a ■ v > a ■ u holds, where 
a ■ u,a ■ V are the usual inner products. 

Proof. For each u E S, set = {t; G N" | f > m}. Let J„ be the ideal in 
the polynomial ring C[N"] = C[xi, . . . , x„] generated by {x^ \ v E S^}- 
By Hubert's basis theorem, is generated by x''"^, . . . , x'"^''^ for some 
ku E N and Vui, ■ ■ ■ ,Vuku £ Su- Therefore any t> G 5'u is contained in 
Vuj + N" for some j. 

We use the following fact (cf . |Rot Theorem 2.5]): 

Fact 5.5. Let > be a monomial order on N". Then there exist an 
integer s > 1 with 1 < s < n and s vectors Ui, ...,Us G which satisfy 
the following: 

For u,v E N", V > u if and only if 7[{v) >iex 7r(M), where 
vr : N" M"*; M (mi ■ M, . . . , Ms ■ u) 
and >iex is the lexicographic order on W. 
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Let ei, . . . , e„ be the standard basis of Z" and consider the above 
Ui, . . . ,Us and tt. By the definition of the lexicographic order, for any 
7 >ie^ (5 in R^ /3 ■ 7 > /3 ■ (5 holds for /3 = . . . , G M; if A > 
. . . ^ /3„ (of course, such (3 depends on 7 and 6). As 7 >iex 5, we 
consider 7r(ej) >;ex 7r(0) = and 7i{vuj) >iex 7r(M) for 1 < i < n, u E S 
and 1 < j < A^M and choose /3 as above. Since 5" is a finite set, we can 
take a common (3 G M^. Since /3 ■ 7r(M) = {f3iUi + ■ ■ ■ + f3sUs) ■ u, 

a' ■ Ci > 0, a' ■ Vuj > a' ■ u ■ ■ ■ (*) 

holds for 1 < i < n,u E S and 1 < J < A;^ if we take a' G Q" sufficiently 
near (/3i-ui + ■ ■ ■ PsUs). Multiplying a' by a sufficiently divisible positive 
integer iV, and set a := A^a' G Z". By (*), it follows that a G Z" and 
a ■ f „j > a ■ M for M G and j. 

We show this a satisfies the condition in the statement of this lemma. 
Fix u E S and w G such that v > u, i.e., v is contained in Su- Then 

G + N" for some 1 < j < k^. Thus a ■ f = a ■ w^ij + a ■ (f — v^j) > 
a ■ Vuj > a ■ u. □ 

Now we show the key proposition. Roughly speaking, this state that 
W C H^{X, L) generically separates jets no less than V^(^\yy 

Proposition 5.6. Let L be a line bundle on an n- dimensional variety 
X and set v = Vz,> be the valuation map defined by a local coordinate 
system z = {zi, . . . , Zn) at a smooth point p E X and a monomial order 
> on N". 

Then j{W;m) > s{iy{W);m) holds for any subspace W of H^{X,L) 
and any m G W^. 

Proof. By considering an increasing sequence of finite dimensional sub- 
spaces in py, we may assume that W is finite dimensional. 

Let TT : t/ — )■ C"" be the etale morphism defined by zi, . . . ,Zn in an 
open neighborhood U G X of p. By the morphism tt, we can identify 
O'^p with 0^1 = C{xi, . . . , x„}, where the coordinates 

on C" such that 7r*Xj = Zi. Then we can regard as a subspace in 
C{xi, . . . , Xn} hy W ^ Lp = Ox.p ^ C{xi, . . . , x„}. Note that u is 
extended to Cf^^ \ {0} = C{xi, . . . , x„} \ {0} N" naturally. 

Choose and fix /„ G z/^^(u) fl W for each u G z/(iy). Then it holds 
that V = 0^^^(^)C/, because #1/(1^) = dimW (cf.[LM] or [HD]). 
Since uCW) is a finite set, there exists a G Z" satisfying the following 
by Lemma 15.41 if f > m for u G uiW) and v G N", it holds that 
a ■ V > a ■ u. 

The vector a induces the action o of on C{xi, . . . , x„} by t ox" = 
^a-u^u t G and M G N". For = c„„2^ = c^^x'^ (note we 
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identify Zi and Xj), the regular function 

^ ° fu _ ,-a-u \ ^ „ fce-v V _ \ ^ j.a-v-a-u v 

V V 

on a neighborhood of x {0} is naturally extended to a regular 
function on a neighborhood W (in C x C") of C x {0}. Note that 
a ■ V — a ■ u > Q ii Cuv 1^ ^- We denote the regular function by Set 

We prove this proposition only for r = 1. When r > 1, the proof is 
similar. So we leave the details to the reader. 

By the assumption that r = 1, we may assume m = 1. Choose 
a very general section a of the first projection W — )■ C. Note that 
cr(0) is contained in {0} x (C^)" = (C^)". (When r > 1, we choose 
very general sections di, . . . , cTj. oiU C.) Let X be the ideal sheaf 
corresponding to ct(C) on W C C x C", and consider the following map 
between flat sheaves over C: 

for J > 0. We denote Wt:=W® C{t}|{t}xC" and 

for t e C. By the flatness, 0j is surjective for very general t if so is 0o- 
Thus if Wq separates m-jets at (t(0) for m G Z, then Wt also separates 
m-jets at a{t) for very general t. Since we choose a very general section, 
it follows that 

for t in a neighborhood of 0. Note jiWt) can be defined similarly in 
this analytic setting. Since there is a natural identification of Wt and 
W ioit e C by the action o, we have j{W) = j{Wt). Note that j{W) 
does not depend on whether we consider W a.s a subspace in H^{X, L) 
or in C{xi, . . . , x„} because n : U — )■ C" is etale. On the other hand, 
Wo = Vy(w) C C[xi, . . . , x„] since F„ = c„„a;" + 1 ■ higher term, c„„ ^ 0. 
Thus jiyVo) = s(z/(W^)) holds by the definition of s{-). From these 
inequalities, we have j{W) > s^uiW)). □ 

Now we can show the main theorem easily: 

Theorem 5.7 (= Theorem 11.11) . Let W, he a hirational graded linear 
series associated to a line bundle L on an n- dimensional variety X. 
Fix a local coordinate system z = {zi, . . . , Zn) on X at a smooth point 
and a monomial order > on N". 

Then e(W,;fn) > s{Az,>{W,)]fn) holds for any r G Z+ andfn E W^. 
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Proof. Let T := Tw,,z,> C N x N" be the semigroup defined by W,,z 
and > in the definition of Okounkov bodies. Then = C N"- 

and A(r) = Az^y{W,) by definition. By Proposition 15.61 we have 

eiW., m) = hm ^-2^ > hm = fiE^. 

k k k 

Since F is birational by Lemma [5. 2 [ it holds that 

from Lemma [5.31 Thus e{W,;m) > s{Az^y{W,)]m) holds. □ 

Remark 5.8. Since s{A(W,);rn) = e(WA{w.)y,^), the above theorem 
says that the Seshadri constant of W, is greater than or equal to that 
of Wa(w.),»- For a convex set A C ]R>q, PVa,« is considered as a graded 
linear series on C^. Note that A2^>(VFa,») is nothing but A itself for 
the standard local coordinate system z = {xi, . . . ,Xn) at G C" = 
SpecC[xi, . . . ,Xn] (cf. |LM[ Proposition 6.1]). Hence Seshadri constants 
are minimal in monomial (or toric) cases for a fixed Okounkov body. 

See |LM[ Remark 5.5] for another relation between Okounkov bodies 
and Seshadri constants, though the relation is not written explicitly 
there. Note that the relation also holds for a birational graded linear 
series. 



6. Computations and estimations of s{A;m),s{S;m) 

6.1. In the case r = 1. It is very hard to compute s{S; fn) in general, 
but when r = 1, we can compute it by considering the rank of matrices. 
In this subsection, we mainly consider or A which is bounded and 
contained in M>o. For general S and A, we can reduce them to such 
cases by Remark 14.31 and Lemma [4.61 

For u = . . . , Un) G N" and A = (Ai, . . . , A„) G N", we define a 
natural number [^] G N to be 

, f Uk\ Ukjuk - 1) • ■ ■ {uk - Afc + 1) . , , , . . , ffi • . 

where I I = — j is the bmomial coetticient. 

VAfe/ Afc! 

Set In = (1, . . . , 1) in (C^)" and let n be an mi^^-primary ideal on 
(C^)". Assume that n is generated by monomials of 
In particular, there exists a finite subset $n C such that n is the 
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restriction of 

C(x-l„)VOc" 

on (C^)", where (x - = (a;i - 1)^^ ■ ■ ■ (x„ - 1)^". 
For a bounded subset 5* in M>o, we set a matrix As^n by 



A 



S,n 



(A,?i)g<I>nX(5nN"). 

When n = m^"'"^ for m G N, we denote Ag^m+i by As^m for short. 

The following Proposition is a straightforward generalization of re- 
sults in [Dul Proposition 13] and [BBC+1 3.10], and the proof is same. 
We prove it here for the convenience of the reader: 

Proposition 6.1. Let S be a bounded set in R>q and n an mi^ -primary 
ideal generated by monomials o/si — 1, . . . , x„ — 1. Then the following 
conditions are equivalent: 

i) the natural map ips,n ■ Vs -> 0(^cx y/n = 0Ae$„ C(a;-1„)^ ; / 
f + n is not surjective, 

ii) rankA5,„ < 

Furthermore, z/#(S'nN") = 7^$n then these are equivalent to 

iii) there exists a nonzero element f G 0;^^$^ Km'^ C M[mi, . . . ,m„] 
such that S* n N" is contained in the hypersurface in M" defined 

byf. 

Proof. Since As^n is the matrix of ips,n with respect to bases {a;"}„g5nN" 
and {{x — ln)^}Ae*„) the equivalence of i) and ii) is clear. 

We assume #(5* fl N") = and show the equivalence of ii) and 
iii). By definition, it holds that 

n Afc — 1 



^ " k=l 1=0 



Hence rankA^^^ = rank(nfc=i ni=o (""^ ~ 0)(a,m)- For A G $ n; any 
A' G N" satisfying A — A' G is also contained in because n is 
an ideal. From this, the matrix (11^=1 nf=o ^('"'^ ~ 0)(a,m) changes to 
the matrix {u^){\,u) = {ui^^ ■ ■ )(a,m) by a suitable sequence of row 
operations. 

Thus As^n is not regular if and only if rows of (m^)(a,u) are linearly 
dependent, and this is equivalent to iii). □ 

Remark 6.2. If n = m™+^ for m G N, then = {A = (Ai, . . . , A„) G 

N" I Al + . . . + A„ < m}. So in this case, iii) means that n N" is 
contained in a hypersurface of degree m in M". 
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Corollary 6.3. For a bounded set S in ]R>o and a bounded convex set 
A in M>o, it holds that 

s{S) = max|m G N I rank745„j = ( j|, 

, , maxjm G N I rank A^a m = f"*'^") I 
s(A) = sup ^ ^ , ' 

max{m G N | rankAfcA.m = C^^")} 

fcez+ A; 

Proof. This corollary follows from Lemma I3.8[ Proposition 16.11 and 

Remark 6.4. By Corollary 16. 3[ we can compute s(S') by finite calcula- 
tions. In fact As,m is a x #(5nN") matrix, so rank = 
only if < #(5nN"J. Note that #(5nN") is finite by the bound- 
edness of S. 



By Corollary l6.3l we can describe the Seshadri constant of a polarized 
toric variety at a very general point as the supremum or the limit of 
computable numbers as follows: 

Let P be an integral polytope in of dimension n. Then we can 
define a polarized toric variety (Xp,Lp) as 

(Xp,Lp) = (Proj0l^fcP,O(l)). 

fceN 

In other words, 

(Xp,Lp) = (ProjC[rp],0(l)), 

where Fp = S({1} x P) n (N x Z'^) is a subsemigroup of N x Z". 
Note that 0fcgi^ V'fcp = C[rp] is naturally graded by N. The following 
corollary is essentially stated in |BBC+1 3.10], at least in case of n = 2: 

Corollary 6.5. Let P be an integral polytope of dimension n contained 
in M>o- Then it holds that 

j{Lp) = maxjm G N I rank y4p^m = ( 1|, 

maxim G N I rankA^p^ = ('"+'^)| 
5(Xp,Lp;l) = sup i ^ 

max{m G N | rankAfcp,^ = 

k£Z+ k 
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Proof. Note that there exists a natural embedding (C^)" )■ Xp and an 
identification of Wpk = V^p and H'^lXp, kLp). Thus it clearly holds 
that j{Lp) = j{Vp) = 5(P) anc^£(Xp,Lp;l) = l^p,._^l) = 

s{P) (or more generally j{Lp;m) = s{P;m) and e{Xp, Lp;m) = 
e{{C^)"', Wpy, m) = s{P; m) for any m G M^). So this corollary follows 
from Corollary 16.31 □ 

6.2. In the case r > 1. In the above subsection, we investigate s(A) 
or s{S). Now we consider s(A;m) for general m. At least there are 
three methods to estimate s(A; m) or s{S] m) from below (though they 
are not enough to obtain good estimations in general). These methods 
may be known to specialists, at least for S" C or A C M^. But we 
state here in our settings for the convenience of the reader. 

The first one uses degenerations of ideals: 

Proposition 6.6. Let m = (mi,...,m.r) G N*". Assume that there 
exists a flat family {nt}teT of ideals on (C^)" over a smooth curve T 
such that 

i) Ut = ^'^^^^^ (S) ■ ■ • ® tTi™''+-^ for general t eT, where pi^t, ■ ■ ■ ,Pr,t 
are distinct r points in (C^)^, 

ii) no is an vai^-primary ideal generated by monomials of x — In 
for G T. 

Then Vs generically separates m-jets for a bounded subset S C ]R>o 
if rank As^no = dim C/uq . 

Proof. Let X be the ideal on (C^)" x T corresponding to the family 
{nt}teT and assume rankA^^n^ = dimO/rio. 
Consider the natural map 



By the assumption rank As ,,;, = dimO/rio and Proposition 16. 

00 : = V5 ® Ct|(cx)"x{o} — ^ C'(cx)"xt/2^|(cx)"x{o} = C'(cx)"/i^o 
is surjective. Thus 

(f)t -.Vs ^ OT|(Cx)"x{t} — ^ C'(Cx)"xT/2^|(Cx)"x{i} = C'(Cx)"/nt 

is also surjective for general t G T by the flatness. This means Vs sepa- 
rates m-jets at pi^t, ■ ■ ■ ,Pr,t by i). In particular Vs generically separates 
m-jets. □ 

Example 6.7. Set T = C, m = (3,1) G N^, and nt = {x - l,y - 
l)^(x - 1 -t,y - If ioT t e = T \ 0. Then the family of ideals 
{njtgcx extends over C by Uq = ((x - 1)^ (x - lf{y -l),{x- if^y - 
if, (x — l){y — if, {y — if). Since the family {nt}t£c is flat near 0, we 
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can apply Proposition 16.61 In Figure 1 bellow, five o correspond to the 
monomial generators of Uq, and thirteen • are all points in Set S 
be thirteen • in Figure 2. Then rank Agn^ = 13 = dimO/rio. Therefore 
Vs generically separates (3, l)-jets, i.e., s{S; (3, 1)) > 1 holds. 
Note that this can be shown by the method in |Du] . as well. 



A2 

44 
3 
2 
1 



1 2 3 4 5 6 Ai 
Figure 1 



U2 



1 2 3 4 5 
Figure 2 



Ml 



The second one uses finite morphisms induced by changes of lattices 
fcf.fGal Lemma 2.1]): 

Proposition 6.8. Let i : — )■ Z" &e an injection between ahelian 
groups of same rank, whose degree is d E For a convex set A C M", 
set A' = %^(A), where = l ^ id^ : W = Z"" ^ R ^ Z'^ ^ R = M". 
Then, 

s(A; m, . . . , m) > s(A'; m) 

d 

holds for any m = (mi, . . . , m.^) G R'^. 



Proof. By Lemmas 14.41 and 14.61 we may assume that A is a rational 
polytope. Furthermore we may assume A, A' are integral polytopes by 
Lemma 14. 5[ 

The injective morphism l induces the quotient morphism 

TT : Xa — > 

such that TT*L/^i = La. Note that vr is a finite morphism of degree d. 

We choose very general points pi, . . . ,pr in Xa', then 7r~^(pj) are 
smooth (ir-points in Xa. Consider the following diagram: 



Xa^ 
Xa — 



Xa' 
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where is the blowing up along Uj^^^(Pj) f^' is the blowing up 
along {pi, . . . ,pr}. Let Eij be the exceptional divisor over pij, where 
7r~^(pj) = {pii, . . . ,Pid}, and E'^ the exceptional divisor over pi. 

By Lemma I3.1H fJ,'*L/^' — s{A';m) ^^rriiEl is nef. Thus fJ.*L^ — 
s(A'; m) J2i j ^iEij = 7r*(/i'*LA' — s(A'; m) rriiE'^ is also nef. Since 
ampleness is an open condition in a flat family, /i*LA— s(A'; m) ^. rrtiEij 
is also nef if /i is the blowing up of along very general rfr-points. 
Thus s(A; m, . . . , m) > s(A'; m) holds by Lemma I3.11[ □ 

d 

Example 6.9. Let A C be the convex hull of (0, 0, 0), (1, 1, 0), (1, 0, 1), 

and (0, 1, 1). Set l : I? ^ I? hy t(ei) = (1, 1, 0), ^(ea) = (1, 0, 1), and 
^(^3) = (O5 1) for the standard basis ei, 62, 63 of I? . Then the degree 
of L is 2, and A' = ^^^(A) is an integral polytope corresponding to 
(P^ Oil)). Thus s(A; 1, 1) > s(A'; 1) = 1 holds by Proposition EH In 
this case, s(A; 1, 1) = 1 holds by Lemma [4.7[ 

The last one uses degenerations of varieties. 
Let P be a polytope of dimension n in M". A polytope decomposition 
P of P is a finite subset of {a | o" is a polytope in M"} such that 

i) ^ = aeP^' 

ii) ii a eV and r is a face of a, then r eV, 

iii) if 0", 0"' G V, then a H a' is either a common face of a, a' or 
empty. 

A decomposition V is integral if all a G P are integral polytopes. 
For an integral polytope decomposition V of P, we say a function 
: P — )■ M is a lifting function of V if 

i) !f is piecewise affine and strictly convex with respect to V, 

ii) if takes an integral value at every m G P fl M. 

If there exists a lifting function of an integral polytope decomposition 
V, one can construct a toric degeneration of Xp, i.e., one can construct 
an n + 1 dimensional toric variety X, an ample line bundle C on X, 
and a flat projective toric morphism / : A" — )■ such that 

• the central fiber is Xq = IJI=i ^^id jC\xp- = Lp^, 

• the general fiber is Xt = Xp and Lf = Lp for any t G \ {0}, 

where Xt = f'\t), U = C\xt for t G A^ and := {a e V \dima = 
n} = {Pi, . . . ,Pr'}. See [GSj for example. From this degeneration, we 
obtain lower bounds of s(A;m). The following is a simple generaliza- 
tion of a result in [Bi], |Ecj and so on: 
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Proposition 6.10. Let P C M" be an integral polytope of dimension n, 
andV an integral polytope decomposition of P. We assume thatV has a 
lifting function. Let A be a convex set in M" and take Pi, . . . , £ "^'"^ 
such that Aj := Pj fl A has the non-empty interior for each 1 < i < r. 
(There may be another P' e such that (P'n A)° ^ 0.; Set Si G Z+ 
be a positive integer and take mi G for each 1 < i < r. 
Then s{A;Tni, . . . ,rnr) > min s(Aj;mj) holds. 

l<i<r 

Proof. Fix very general points pn, . . . ^pis^ in (C^)" for i = 1, . . . ,r. 
By the existence of a lifting function, there is a toric degeneration 
/ : A* — 7- as above. We consider each pij as a point in the central fiber 
Xq by the inclusion (C^)" C Xp^ C Xq. For each I < i < r,l < j < Si, 
choose a very general section cTjj of / satisfying crjj(O) = Pij. Set 
nii = (mil, • • • 

We consider the natural map 

for integers k, Uj G N, where Xij C Cat is the ideal corresponding to 
(Jij(A^). By similar arguments in the proofs of Prop osit ion 15 . 6 1 or Propo- 
sition |6l6l we can show that (p\xt '■ y\j^kA° — ^ ®ijL%^®^Xpl'^^^^(l) = 
C'(cx)n/m^-'^^^S| is surjective for general t G A-*^ if so is (/?|xo- Note 
that Vjj^fcA° = 0i VfcA° and v?Uo = ©i^i, where 

j j 

Thus V|j. fcA° generically separates {kj)i j-jets if Va;a° generically sepa- 
rates (Zij)j-jets for all i Hence 

s{kA;mi, . . . ,mr) = j{VkA;rni,. . . ,mr) 

> min j(VfcA°; ^i) = mins(fcA°;mj) 
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holds for any k. Thus we have 

_ _ X s{kA;mi, . . . ,mr) 
s[A;mi, . . . ,mr) = hm 



k 

mmis{kA°;mi 

> hm 



k k 

. s{kA°;mi 
mm hm ■ 



fc k 
mill s(A°; mj) 

mins(Aj; mj). 



□ 



Example 6.11. Let A C be the convex hull of (0,0), (2,1) and 
(1,2). Consider the following decomposition. 



(1,2) 
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It is easy to see that there exists a lifting function, so we can ap- 
ply Proposition 16.101 to P = A and this decomposition. Then we 
have s(A; 1, 1, 1) > min{s(Pi; 1), s(P2; 1), ^(Pa; 1)} = 1. In this case 
s(A; 1, 1, 1) = 1 holds by Lemma [4.7[ 
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